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Existing investigations of the anomalous Hall effect (i.e. a current flowing transverse to the electric
field in the absence of an external magnetic field) are mostly concerned with the transport current.
However, for many applications one needs to know the total current, including its pure magnetization
part. In this paper, we employ the two-dimensional massive Dirac equation to find the exact current
flowing along a potential step of arbitrary shape. The current is universal, i.e. it depends only on
the asymptotic value of the potential drop. For a spatially slowly varying potential we find the
current density j(r) and the energy distribution of the current density jε(r). The latter turns out
to be unexpectedly nonuniform, behaving like a δ-function at the border of the classically accessible
area at energy ε. Consequently, even in a weak electric field the transverse current density can not
be described semiclassically. To demonstrate explicitly the difference between the magnetization
and transport currents we consider the transverse shift of an electron ray in an electric field.
I. INTRODUCTION
Currents flowing in topological insulators (TIs) are
usually associated with the electron gapless edge or sur-
face modes [1, 2]. Other types of currents present in ma-
terials with the nontrivial band structure, which now are
accessible experimentally [3–5], stem from the anomalous
Hall effect (AHE) [6, 7]. The standard approach to de-
scribe the AHE is to employ the equation of motion for
a wave packet in a crystal [8, 9]
r˙ = ∂ε(p)/∂p− vB, (1)
with the Berry velocity vB = (e/~)E × Ω(p) nor-
mal to the local electric field and the Berry curvature
Ω(p) = i~2∇p × 〈up|∇pup〉 accounting for the change
of the multicomponent wave function upon moving in
the Brillouin zone. What is frequently not appreciated,
even in the situations when Eq. (1) is applicable the total
microscopic current has two components named trans-
port and magnetization - associated solely with the wave
packet rotation - currents [10, 11]. The Berry velocity
is responsible only for the transport current of electrons.
Which current will be measured depends on the partic-
ular experiment. In the case of nonequilibrium electron
ray injection, the transport current described by Eq. (1)
is observed. In this paper, we consider the total equi-
librium current density, whose distribution can not be
described by Eq. (1), but which is responsible for the
magnetic moment of the electron gas and the interaction
of electrons with electro-magnetic fields. The microscopic
current created in response to an electric field generates
a magnetic field, leading to the Faraday effect [12, 13]
and other topological magneto-electric effects [14].
Rather surprisingly, we find that not only the mag-
netization current for individual electrons may be large
compared to the transport one, but furthermore the dif-
ferent contributions to the total current density of many
electrons have a tendency to cancel out. The only con-
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FIG. 1: Total dissipationless equilibrium anomalous Hall cur-
rent flowing in y-direction, Jy , along the potential step U(x)
as a function of Fermi energy εF for a two-dimensional mas-
sive Dirac Hamiltonian with gap 2∆. The labels v,c denote
valence- and conduction bands, respectively. The energy dis-
tribution of the current density jεy(x) is also shown schemat-
ically for several values of ε.
tribution to the microscopic current originate from the
electrons at the turning points (stopping points) where
a semiclassical description in terms of the wave packet
dynamics is not applicable (see Eq. (15) of our paper).
Specifically, we consider the two-dimensional massive
Dirac Hamiltonian, a paradigmatic model exhibiting the
AHE found in various material systems of current in-
terest. In time-reversal-symmetric systems [3, 4, 15, 16]
there are several Dirac cones and the anomalous bulk cur-
rent is of the valley-Hall type [17]. A single massive Dirac
cone is realized on the surface of a three-dimensional TI
covered by a ferromagnetic insulator film [14]. There, the
AHE corresponds to the charge Hall current, giving rise
to the fascinating physics of axion electrodynamics [14].
We start in Sec. II with the calculation of the total
equilibrium current flowing in y-direction along a poten-
tial step U(x), see Fig. 1. Provided that the potential is
constant away from the step, this calculation is exact and
2valid for any shape of U(x) and any value of the Fermi
energy εF.
Our main findings, summarized in Eq. (15) of sec-
tion III, concern the total AHE current density in slowly
varying electrostatic potentials. For a smooth electro-
static potential U(r), we calculate the current density
j(r) and the energy distribution of the current density
jε(r). Electron trajectories with a given energy ε in
two-dimensions cover the areas bounded by the lines
of the classical stopping points (having vanishing veloc-
ity, v = 0). We argue that the energy distribution of
the current density jε(r) has the form of a δ-function
existing only along these lines of stopping points (cf.
Eq. (15)). The ”quantum width” of this δ-function scales
like ∆r ∼ (~2/|∇U |)1/3, being nonperturbative in both
Planck’s constant and the electric field.
At the end of the paper, in Sec. IV, we present a semi-
classical calculation of the side jump of an electron ray
traversing the region with potential step U(x) caused
by the AHE, in agreement with Eq. (1). The approach
adopted in this section allows us to distinguish and de-
scribe within the same calculation both the magnetiza-
tion part of the current and the pure transport current.
Although the content of section IV may appear somewhat
methodological, we are not aware of other existing deriva-
tions of the anomalous velocity Eq. (1), relying only
on the stationary solutions of the Schro¨dinger(Dirac)
equation, without explicit consideration of the time-
dependent wave-packet evolution. Interestingly, by con-
sidering the stationary ray dynamics (instead of deriving
the wave packet equations of motion Eq. (1) [6, 7]) we
were able to find the entire electron’s trajectory in a ped-
agogically appealing way including the transverse (AHE)
shift and show that the magnitude of this shift has an up-
per bound.
II. MICROSCOPIC CALCULATION OF THE
EQUILIBRIUM CURRENT
We consider the Hamiltonian
H = vF(σxpx + σypy) + ∆σz + U(x) . (2)
Here, the Pauli matrices act on the sublattice, valley, or
spin degree of freedom depending on the material under
consideration. Instead of an uniform electric field, we
consider a continuous step-like potential U(x), with UR =
U(x → ∞) and UL = U(x→ −∞). An arbitrarily large
electric field eE = −∇U exists only in a certain region
around x ≈ 0. At large |x|, the potential is constant and
there is a gap in the spectrum |ε−UR,L| < ∆, shifted up
on the right and down on the left side of the potential
step, see Fig. 1. For definiteness, we choose UR − UL <
2∆. We rely here neither on semiclassical nor on weak
or constant electric field approximations.
Let Ψj(x, y) = e
ipyy/~ψj(x) be a complete set of eigen-
functions of the Hamiltonian Eq. (2) with conserved
momentum pyj ≡ py. Our goal is to find the trans-
verse current density defined via the velocity operator
r˙ = i[H, r]/~ for the Dirac Hamiltonian with e = −|e|
jy(x) = evF〈σy〉 = evF
∑
i,εi<εF
ψ†i (x)σyψi(x) . (3)
Our approach to find jy(x) is motivated by the calcula-
tion of the out of plane current induced polarization in
Rashba wires in Refs. [18, 19]. Consider the spin-density
for a particular stationary state ψ†(x)σxψ(x),
0 ≡ d
dt
ψ†σxψ =
i
~
ψ†[H,σx]ψ−vF∂x(ψ†ψ) . (4)
The left and right sides of this equation follow from the
calculation of the time derivative in case of the time evo-
lution of the eigenfunction of Eq. (2) taken in two forms
ψ(x, t) = e−iHt/~ψ(x) = e−iεt/~ψ(x). Then we readily
find
∆ψ†σyψ − vFpyψ†σzψ = −~vF
2
∂x(ψ
†ψ) . (5)
This relation is enough to find the AHE transverse cur-
rent for electrons with py = 0. The general case with
py 6= 0 requires more effort.
Since the conserved momentum py and ∆ enter the
Hamiltonian Eq. (2) in a similar fashion, it is natu-
ral to consider a two parameter family of Hamiltonians
H = H(∆, py). The two eigenfunctions ψ(∆,±py) of
two Hamiltonians H(∆,±py) (still depending on the co-
ordinate x) are related to the eigenfunctions of the same
Hamiltonian with py = 0 and enlarged mass
ψ(∆,±py) = e± i2 θσxψ(
√
∆2 + v2Fp
2
y, 0) , (6)
where tan θ = vFpy/∆. Calculating the expectation val-
ues of Eq. (2), we find the following identity relating the
expectation values for two solutions with opposite py
∆ψ†+σzψ+ + vFpyψ
†
+σyψ+
= ∆ψ†−σzψ− − vFpyψ†−σyψ− , (7)
where ψ± = ψ(∆,±py). Here, we used that due to
Eq. (6) the values of ψ†ψ and ψ†σx∂xψ do not depend
on the sign of py.
To find the the equilibrium current where all the states
with different sign of py are occupied equally we only need
to know the sum ψ†+σyψ+ + ψ
†
−σyψ−. Using Eq. (5) to
eliminate the terms ψ†+σzψ+ and ψ
†
−σzψ− from Eq. (7)
we find
ψ†+σyψ+ + ψ
†
−σyψ− =
−∆~vF ∂x(ψ†+ψ+ + ψ†−ψ−)
2(∆2 + v2Fp
2
y)
. (8)
3The r.h.s. here is effectively a derivative of the electron
density. Substituting Eq. (8) into Eq. (3) and integrating
over x across the potential step leads to the total AHE
current
Jy = JR−JL , JR(L) =
−e∆~v2F
2
∑
iR(L)
ψ†iR(L)ψiR(L)
∆2 + v2Fp
2
y
. (9)
Since the current density Eq. (3) found with the help of
Eq. (8) is an x-derivative, the total integrated current
may be presented as a difference of two contributions JR
and JL depending only on the end-points of integration
xR and xL. In order to find the universal total current
we need to choose these points far to the right and to the
left of the step, where the potential is constant.
If the potential U(x) at the points xR, xL is flat, one
may choose ψiR(L) in Eq. (9) to be single plane wave so-
lutions of the Dirac equation with either positive or neg-
ative px and calculate the sum over i explicitly. Strictly
speaking, any eigenfunction of the Hamiltonian Eq. (2)
at least on one side of the potential step U(x) contains
both left- (px < 0) and right-moving (px > 0) waves. Os-
cillating interference terms between these left- and right-
movers which survive the summation in Eq. (9) are the
only terms carrying the information about the specific
shape of the potential step. These oscillations effectively
average out for xR, xL taken far away from the step, lead-
ing to an exact AHE current, independent of the shape
of the potential (cf. Fig. 2 below).
In the case of a slowly varying potential U(x) consid-
ered in the next section, Eq. (9) allows us to find the part
of the current flowing in a strip xL < x < xR even for
points xR(L) inside the step region.
We introduce the valence and conduction band contri-
butions JR(L) = J
c
R(L) + J
v
R(L) in Eq. (9). Then
JcR(L) =
e
2h
(UR(L) +∆− εF) , (10)
for εF > ∆ + UR(L) and J
c
R(L) = 0 otherwise. Inte-
gration over the momentum direction in Eq. (9) is done
as
∫ 2pi
0 dφ/(a
2 + cos2 φ) = 2pi/a
√
a2 + 1. The current
Eq. (10) is proportional to the difference between the
Fermi energy and the conduction band bottom. To find
the contribution to the current from the valence band
electrons, we perform the summation in Eq. (9) over all
occupied states in that band with energies higher than
some large negative energy εmin. This gives
JvR(L) =
{
e
2h (εmin +∆− UR(L)) , εF > UR(L) −∆
e
2h (εmin − εF) , εF < UR(L) −∆
.
(11)
The dependance on εmin disappears in the current Jy
defined in Eq. (9). For electrons with energies smaller
than εmin, the density ψ
†ψ is constant and the current
density, being a derivative of the particle density, Eq. (8)
vanishes. With the help of Eqs. (10, 11) we find the total
current as a piecewise linear function of εF (see Fig. 1)
Jy =


0 , εF > UR +∆
e
2h (εF − UR −∆) , UR > εF −∆ > UL
e
2h (UL − UR) , UL +∆ > εF > UR −∆
e
2h (UL −∆− εF) , UR > εF +∆ > UL
0 , UL −∆ > εF
, (12)
valid for any shape of the potential step U(x) (we
don’t even require monotonous U(x)). Generalization
of Eq. (12) for UR − UL > 2∆ is presented in the Ap-
pendix A. It is not surprising that in the central region
in Eq. (12), where εF lies in the gap on both sides of the
potential step and the system is formally an insulator,
there exists a finite constant current. In this paper we
consider only the dissipationless equilibrium AHE cur-
rent, which for UL +∆ > εF > UR −∆ is carried by the
electrons from the fully occupied valence band and does
not depend on εF.
It is interesting to compare the AHE current described
by Eq. (12) to the current which would appear in a similar
setup with the potential U(x) with an additional quantiz-
ing (normal to the xy-plane) magnetic field. Due to the
drift of electrons‘ Larmor orbits transverse to the elec-
tric field each fully occupied Landau level will produce a
current in y-direction [20] which is twice larger than the
AHE current predicted in Eq. (12) in the central region
UL+∆ > εF > UR−∆ (the Fermi energy staying inside
the gap at every coordinate x). In other words, we may
say that electrons from the fully occupied valence band
produce an AHE current that is exactly one half of the
quantum Hall current due to a single occupied Landau
level. For the Fermi energy below the top of the valence
band both to the left and to the right of the potential
step, UL − ∆ > εF, the current Jy in Eq. (12) disap-
pears which means that only the electrons near the top
of this band contribute to the AHE. On the other hand,
for the Fermi energy being very high in the conduction
band, εF > UR + ∆, the AHE disappears again. This
means that electrons from the bottom of the conduction
band generate an AHE current which is exactly half of
the single Landau level current and has the opposite sign
compared to the valence band current.
The abrupt disappearance of the total AHE current
Jy ≡ 0, Eq. (12), for energy regions εF > UR + ∆ and
εF < UL −∆ is rather surprising. A source of the AHE
current is attributed to be the Berry anomalous velocity
Eq. (1) with Ωz(p) =
1
2~
2∆v2F/(∆
2 + p2v2F)
3/2 [15]. In
the case of a monotonous U(x), the last term in Eq. (1)
has always the same sign, meaning there is no current
cancellation upon summation over electronic states. A
vanishing Jy in Eq. (12) may become possible only be-
cause of contributions to the exact current which are not
captured by Eq. (1). Such contributions to the current
density, which may be treated semiclassically in the same
manner as Eq. (1) are known [10, 11]. They are named
4-15 -10 -5 0
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FIG. 2: Anomalous Hall current density (conduction band,
e = −|e|) for U(x) = Fx − ∆ and εF = 0. Distances are
measured in units of x0 = (~
2v2F/(∆F ))
1/3. The vertical axis
has arbitrary units. The thin solid line is the current density
jy(x). The step-like current density is formed at distances
∼ x0 from the edge. The dashed line shows the energy distri-
bution of the current density jεFy (x) and the thick solid line
is 〈jεFy (x)〉 smoothed with the function exp(−(x − x
′)2/x20).
The clear δ-function character of 〈jεFy (x)〉 shows that j
εF
y (x)
will also behave effectively like a δ-function when folded with
an arbitrary function varying slowly on the scale ∼ x0.
magnetization currents and appear because of an inho-
mogeneity of electron wave-packet rotation. Even more,
we will see in the next section, that the largest contribu-
tion to the microscopic current density comes from the
reflection regions, where the semiclassical approach is not
applicable.
To understand better the spatial distribution of the
current Eq. (9) together with the role of interference os-
cillations between the incoming and outgoing waves, ne-
glected in Eqs. (10-12), we describe below a numerically
exact current density in a constant electric field.
III. CURRENT DENSITY IN A SMOOTH
POTENTIAL
We choose the potential in Eq. (2) to be U(x) =
Fx − ∆. In this paper we consider Dirac Hamiltonians
with a gap large enough to neglect tunneling between the
bands. The large insulating gap means that in order to
investigate the AHE current along the border of an elec-
tron Fermi liquid it is enough to take only the conduction
band electrons with energies slightly above the gap into
account, i.e. the non-relativistic limit |pyvF|, |Fx| ≪ ∆
with the spinor wave-function (See Appendix B.)
ψT = eipyy(φ(x), 0) , φ(x) = Ai((x − xc)/x0) . (13)
Here, Ai(x) is the Airy function, x0 = (~
2v2F/(∆F ))
1/3
and xc = ε/F − p2yv2F/(2∆F ) and the energy of an elec-
tron in the conduction band is |ε| ≪ ∆.
As we already mentioned, we will from now on con-
sider only the case of potentials with a relatively small
slope, Fx0 ≪ ∆. For steeper potentials, with Fx0 ∼ ∆,
Eq. (13) will be no longer valid and one needs to consider
the tunneling of relativistic electrons between the con-
duction and valence bands. However, the electrons from
the conduction band and from the valence band gener-
ate AHE currents of opposite signs. So the total AHE
is likely to be diminished in the case of tunneling. This
may be seen also from Appendix A, where we consider
the extension of Eq. (12) (which is valid for arbitrary
strong electric fields dU/dx, but where the tunneling is
forbidden energetically) for the case of a large potential
step, UR − UL > 2∆, where tunneling is possible.
The current due to a single state Eq. (13) is considered
in Appendix B. In Fig. 2, we show the total density of
the conduction band current, jy(x), for εF = 0 obtained
after summation over the energy and py-momentum. The
details of the calculation are given also in Appendix B.
Besides the interference oscillations, the figure agrees well
with the step function form
jy(x) =
e
2h
F θ(−x) . (14)
We stress that this result for small F may be derived
directly from Eq. (9). The current flowing in y-direction
to the left of point x is given by Eqs. (9, 10) with UR
replaced by U(x). Differentiating with respect to x gives
Eq. (14). This derivation shows that Eq. (14) is also valid
at large distances, |Fx| & ∆.
The authors of Ref. [17] considered the AHE for Dirac
electrons in an electric field, but taking into account
only the transport current caused by the Berry veloc-
ity Eq. (1). For |Fx| ≪ ∆ their result, jy(x) =
(e/2h)(xF 2/∆) θ(−x), is parametrically smaller than
Eq. (14). It is, however, unclear, how one can exclusively
observe the equilibrium transport current. Further dis-
cussions of the comparison with Ref. [17] are given in
Appendix B.
Features of the semiclassical intrinsic AHE for mas-
sive Dirac Hamiltonians are best revealed by the energy
distribution of the current density jε(r), also considered
in Ref. [10] and defined as j(r) =
∫ εF
jε(r)dε. Numerical
plots in Fig. 2 show that jε(r) in a uniform electric field is
mathematically equivalent to the δ-function in the ~→ 0
limit. This means that we may expect that jε(r) will be
concentrated along the lines U(r) = ε − ∆ in the case
of an arbitrary slowly varying two-dimensional potential
also. Thus, we can write
jε(r) =
e
2h
δ(ε− U(r)−∆) nz ×∇U(r) . (15)
This formula is the central result of our paper. The exact
shape of the δ-function may be deduced from Eqs. (33,
34) of Appendix B
δ(ε−U(r)−∆)|∇U | → d
dr⊥
∫ ∞
0
Ai2(ξ2+
r⊥
r0
)dξ , (16)
5where r⊥ = (ε−U(r)−∆)/|∇U | is the distance between
r and the equipotential line U(r) = ε − ∆ and Ai is
again the Airy function. The width of the δ-function,
nonperturbative both in ~ and in the electric field, is
r0 = (~
2v2F/(∆|∇U(r)|))1/3.
The shape of the δ-function Eq. (16) is illustrated in
Fig. 2. At first glance, the curve shown in the figure does
not seem a good approximation for the δ-function due
to its large oscillations. Nevertheless, the period of these
oscillations decreases fast with increasing r⊥ (or x in the
figure) and in the limit r0 → 0 (x0 → 0) it satisfies the
property of the functional
∫
δ(x)f(x)dx = f(0) for any
smooth f(x).
Equation (15) is valid if |∂2U/∂ri2| r0 ≪ |∇U |. Ab-
sence of inter-band tunneling requires r0|∇U | ≪ ∆. A
simple direct proof of Eq. (15) in the nonrelativistic limit
is given in Appendix C.
The δ-function Eq. (15) is peaked at the border of the
area accessible classically at the energy ε. This defines
the line of stopping points, where both components of
the momentum of an electron reaching such a point van-
ish. Inside this area jε(r) = 0. (see also Fig. 5 and the
discussion in Appendix B.)
For the valence band Eq. (15) changes sign. The total
current density jcy(x) + j
v
y (x) vanishes everywhere where
the Fermi energy stays locally inside the conduction or
the valence band. For example, in the case of a suffi-
ciently strong and smooth disorder potential the Fermi
energy may cross several times both the bottom of the
conduction and the top of the valence bands. The sample
in this case, even being insulating on average, will consist
of large electron and hole puddles separated by the big
insulating regions. Our theory in this case predicts the
vanishing AHE current inside the puddles and existence
of the AHE in the insulating parts between the puddles.
IV. RAY DYNAMICS AND MAGNETIZATION
CURRENTS
The eigenfunction of the Hamiltonian Eq. (2) in the
semiclassical limit may be written in the form (we use
~ = vF = 1 in this section)
ψ(x) =
√
1/vx e
i
∫
x p(x′)dx′ [1 + β(x)σy ]φ . (17)
Here, φT (x) = 1√
2
(√
1 + ξ,
√
1− ξ), ξ = ∆/√∆2 + p2
and p(x) =
√
(ε− U(x))2 −∆2. For illustrative pur-
poses we only consider the case of an incident ray par-
allel to the potential gradient. The classical longitudinal
velocity of electrons in the ray is vx = p/
√
∆2 + p2 =
p/(ε−U). (Arbitrary incident angles may be considered
with the help of Eq. (6))
The coefficient β in Eq. (17), responsible for the ex-
pectation value of the anomalous velocity, may be found
by acting with ψ(x) on the Hamiltonian Eq. (2), as is
shown in Appendix D. Alternatively, the value of β may
be extracted in the linear approximation in U ′ = dU/dx
from the exact Eq. (8) in which we substitute the wave
function Eq. (17). Doing so, we find
〈vy〉 = ψ
†σyψ
ψ†ψ
= 2β =
−U ′∆
2p2
√
∆2 + p(x)2
. (18)
This velocity is bigger, and even much bigger if p(x) ≪
∆, than the AHE velocity deduced from Eq. (1). How-
ever, Eq. (18) does not provide the true information
about the transverse transport, since the solution ψ(x)
extends indefinitely along the y-axis. Even more, as we
show below, the term ∼ β in the wave function Eq. (17)
simply does not contribute to the electrons’ trajectory.
To find the actual bending of the trajectory, we need
to consider a ray of electrons
Ψ(x, y) =
∫
f(py)ψpy (x, y)dpy , (19)
where ψpy (x, y) are the solutions of the Dirac equation
Eq. (2) with finite momentum py along the potential step,
having all the same energy ε and the narrow function
f(py) is peaked at py = 0.
For small py, Eq. (6) gives ψpy (x, y) = e
ipyy(1 +
iσxpy/(2∆))ψ(x) and Eq. (19) becomes
Ψ =
(
1 +
σx
2∆
∂
∂y
)
g(y)ψ(x) , (20)
where g(y) =
∫
dkeikyf(k) is a smooth envelope function
in y direction of a ray propagating mostly along the x-
axis. It is convenient to choose g(y) almost flat within
some region δy ≫ 1/p(x) which smoothly goes to zero
outside the region, see Fig. 3.
To find explicitly the transverse displacement of the
ray we rewrite Eq. (20) as
Ψ = g
(
y +
1
2∆
)
ψ+(x) + g
(
y − 1
2∆
)
ψ−(x) , (21)
where we use the decomposition of ψ(x) into the σx eigen-
vectors, ψ = ψ++ψ− and σxψ = ψ+−ψ−. The trajectory
y(x) is now found as (see Fig. 3)
y(x) =
1
2∆
−ψ†(x)σxψ(x)
ψ†(x)ψ(x)
=
−p(x)
2∆
√
∆2 + p(x)2
. (22)
The shift of the trajectory y(x) exists already for the
wave function Eq. (17) in zeroth order in U ′ when the
term ∼ β is omitted. The transverse transport velocity
is now
vytr = vx
dy
dx
=
U ′∆
2(∆2 + p(x)2)3/2
, (23)
in accordance with Eq. (1).
6yδ
y
g(y)
x
∆U(x)+
ε
U
δy
δ y
FIG. 3: The electron ray with width δy traversing the region
of a smooth potential step U(x) with energy ε > ∆+U . Blue
lines are the borders of the ray with approximately constant
electron density inside (envelope function g(y)). Red lines
show the velocity field 〈v〉 = 〈σ〉. There is a side jump of the
ray during crossing the electric field area, dU/dx 6= 0, consis-
tent with the anomalous velocity vB = Ω × ∇U/~, Eq. (1).
According to Eqs. (21, 22) the ray is always shifted down-
wards. The magnitude of the shift is bigger for larger velocity
vx, or, equivalently, for larger ε−U(x). Circles inside the ray
show how the nonuniform electron’s magnetization results in
a current. The density of the circles (magnetization), rotating
counter-clockwise, increases to the right on the figure.
Both the distribution of the local velocity 〈v〉 (with
the y-component 〈vy〉 given by Eq. (18)) and the shift of
the ray y(x) Eq. (22) are shown in Fig. 3. It is hard to
show in the figure what happens in the narrow region at
the borders of the ray, where the red lines of the velocity
field cross the ray border shown in blue. An accurate
description of the charge balance at such borders is pre-
sented in Appendix E, where it gives yet another way to
find the anomalous velocity Eq. (18) and the coefficient
β, see Eq. (62).
The total current is the sum of the transport part (jtr)
and a magnetization contribution (∇×M(r) with M(r)
being the magnetic moment density) [10],
j = jtr +∇×M(r) . (24)
In Appendix E we useM(r) available in the literature [15]
to show that our results Eqs. (18, 23) indeed agree with
Eq. (24). For an electron in the valence band M(r) is
larger in the regions with higher potential U(x). Conse-
quently, in Fig. 3, we illustrate the magnetization current
∇×M(r), Eq. (24), by drawing circles with a coordinate
dependent density.
The transport (Eq. (23)) and the total (Eq. (18))
anomalous Hall currents in Fig. 3 flow in opposite direc-
tions. However, the figure shows the semiclassical current
Eq. (18) due to a single injected electron ray. In the case
of the equilibrium AHE there will be many such rays,
including the ones reflected by the potential. The total
equilibrium transverse current – flowing in the direction
suggested by Eq. (1) – originates from the narrow re-
flection regions, Eq. (15), not captured by Eqs. (17, 18).
This shows again the importance of our results that go
beyond the semiclassical treatment.
Considering an electron ray instead of a wave packet [6,
7] allows us at once to find the entire trajectory Eq. (22).
Interestingly, the anomalous shift of the trajectory
Eqs. (21, 22) turned out to have an exact upper bound,
|y| < 1/(2∆).
V. CONCLUSIONS
In this paper, we calculated the total local AHE cur-
rent for electrons described by the massive Dirac Hamil-
tonian. The exact results turned out to be strongly uni-
versal in the case where the potential U(x) depends only
on one coordinate. What is even more surprising, the
current which we found for an arbitrarily smooth po-
tential U(r) turns out to be much stronger (and its en-
ergy/coordinate dependance much sharper) than the usu-
ally considered Berry curvature-induced currents. For
example, the equilibrium anomalous Hall currents exist
if the Fermi energy lies inside the insulating gap, but
disappear abruptly if εF is shifted into the conduction or
valence band. The width of the transition is governed by
the weakness of the electric field or the size of the sam-
ple. It will be interesting to see this sharp Fermi energy
dependance in measurements of the quantum Kerr and
Faraday effects for the surface states in three-dimensional
topological insulators [13].
Another promising direction for further research lies
in the understanding of the relations between the non-
dissipative equilibrium bulk AHE currents considered
here and the protected edge currents found in the topo-
logical insulators [21]
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APPENDIX A: ANOMALOUS HALL CURRENT
FOR THE CASE UR − UL > 2∆
Here, we consider the generalization of the formula
Eq. (12) to the case of a large potential step U(x) with
a magnitude that exceeds the value of the gap in the
electron spectrum, UR − UL > 2∆.
As in the main text, we assume that far away from
the step the potential U(x) became flat with the asymp-
totic values UR, UL. That means we may still per-
form explicitly a summation over all occupied states
in Eq. (9) to obtain the same Eqs. (10, 11). Integra-
tion over the momentum direction in Eq. (9) is done
as
∫ 2pi
0
dφ/(a2 + cos2 φ) = 2pi/a
√
a2 + 1. Rewritten in
a more detailed form, Eqs. (10, 11) become (note that
the electron’s charge is negative, e = −|e|)
JcR =
{
e
2h (UR +∆− εF) , εF > UR +∆
0 , εF < UR +∆
,
JcL =
{
e
2h (UL +∆− εF) , εF > UL +∆
0 , εF < UL +∆
, (25)
and
JvR =
{
e
2h (εmin +∆− UR) , εF > UR −∆
e
2h (εmin − εF) , εF < UR −∆
,
JvL =
{
e
2h (εmin +∆− UL) , εF > UL −∆
e
2h (εmin − εF) , εF < UL −∆
. (26)
As we explained in the main text, εmin is the lower bound
of the integral(sum) over energies in Eq. (9) which cancels
out from the current Jy. Electrons with energies below
εmin do not contribute to the current since for them the
derivative of the density ∂xψ
†ψ vanishes in Eq. (8). We
assume that there is no contribution to AHE from the
bottom (ultraviolet cutoff) of the valence band. The for-
mal proof of the latter will be given elsewhere [21].
The band structure in the presence of a large poten-
tial step is shown in Fig. 4 and needs to be compared
to Fig. 1. The five regimes of different current behaviors
Jy(εF) in Fig. 1 represent (from lower to higher energies
εF) metallic, half-metallic, insulating, half-metallic and
metallic phases. Here, metallic refers to εF lying inside
the conduction or valence band, insulating means that εF
always lies inside the gap and half-metallic means that
εF is inside the gap only on one side (half plane) of the
potential step. The sequence of regimes in Fig. 4 is metal-
lic, half-metallic, metal-metal, half-metallic and metallic
where the metal-metal regime corresponds to two half-
plane metals separated by a tunnel barrier. The total
anomalous Hall current for the setup in Fig. 4 found from
8J
ε F
x=0v
U(x)+∆
x
y
c
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FIG. 4: Similar to Fig. 1, but for UR−UL > 2∆: total anoma-
lous Hall current Jy flowing along the potential step U(x) as
a function of the Fermi energy εF for the two-dimensional
massive Dirac Hamiltonian with a spectral gap 2∆.
Eqs. (9, 25, 26) is
Jy =


0 , εF > UR +∆
e
2h (εF − UR −∆) , UR +∆ > εF > UR −∆
− eh∆ , UR −∆ > εF > UL +∆
e
2h (UL −∆− εF) , UL +∆ > εF > UL −∆
0 , UL −∆ > εF
,
(27)
valid again for any shape of the potential step U(x). The
main difference to Eq. (12) is the smaller current in the
central metal-metal regime, i.e. Jy = − eh∆ instead of
Jy =
e
h(UL − UR).
APPENDIX B: CURRENT DENSITY IN AN
UNIFORM ELECTRIC FIELD
Like in the main text, we consider here a linear po-
tential U(x) = Fx − ∆ and assume the nonrelativistic
limit of the conduction band electrons, i.e. |Fx| ≪ ∆,
|pyvF| ≪ ∆. The Dirac equation Eq. (2) for the spinor
wave function ψT = (φ, χ) reduces in this case to an
non-relativistic Schro¨dinger equation for the upper com-
ponent, φ, with the lower component being negligibly
small, |χ| ≪ |φ|,
(
p2
2m
+ Fx
)
φ = εφ , χ =
px + ipy
2mvF
φ . (28)
Here, the mass m is related to the gap parameter via
∆ = mv2F. The Schro¨dinger equation for φ is solved by
the Airy function as used in Eq. (13) of the main text.
In this limit, the anomalous Hall current density Eqs. (9,
10) becomes proportional to the derivative of the electron
charge density
jy(x) = −e ~
2m
∂xρ(x) . (29)
Also without the loss of generality we may put Fermi
energy equal to zero, εF = 0.
Current for a single electron
We start by considering the current density Eq. (29)
contributed by a single electronic state described by the
wave function Eq. (13). The result of such a calculation,
shown in Fig. 5 for py = ε = 0, demonstrates strong
interference oscillations between incoming and reflected
electron waves. As follows from the asymptotic form of
the Airy function for large negative x, the oscillation
amplitude stays constant but its period decreases like
∼ 1/|x|3/2.
In order to visualize the semiclassical part of the cur-
rent density we smooth out the interference oscillations
by averaging the density at each point x with the weight
functions e−((x−x
′)/x0)
2
and e−((x−x
′)/x0)
2/2 in Fig. 5.
Assuming an oscillation amplitude of unity, the semi-
classical current density at large negative x is small like
1/(4|x|3/2). Therefore, we have to enlarge the smoothed
current density in the figure in order to make the semi-
classical current density visible.
The smoothed current density shown in Fig. 5 (thick
solid line) has two distinct features. The first was al-
ready mentioned. It is the positive power law tail of
jy(x) for large negative values of x. (Only at this tail
the current density may be explained by Eq. (18) for the
special case of a weak linear potential.) The second is
the large negative (e = −|e|) bump of the current den-
sity at the reflection point x = 0. The current density,
Eq. (29), is proportional to the derivative of the electron
density, which in the semiclassical limit is ρ(x) ∼ 1/√−x
at large negative x and ρ(x) ≈ 0 at positive x. That is
why both the power law tail of jy(x) and the negative
bump are inevitable and survive the smoothing proce-
dure. The total single-electron current integrated over x
vanishes in the non-relativistic approximation Eq. (13).
The negative bump of the current density at the reflec-
tion point is responsible for the vanishing of the current
density energy distribution jε(r) inside the classically ac-
cessible area, see Eq. (15). (Note that jε(r) is a sum of
currents due to many electrons with the same energy ε,
while Fig. 5 shows only the single electron current.)
Summing up the current contributions due to many
electrons
The semiclassical electron density in the conduction
band is given by the integral
ρ =
∫
ε<εF
d2p
(2pi~)2
=
2
(2pi~)2
∫
dεxdpy
dεx/dpx
, (30)
where εx = p
2
x/(2m) and the coordinate-dependance
emerges through the limits of integration, ε = p2/2m+
Fx < εF. To make a connection between this formula
and the wave function Eq. (13) we notice that the smooth
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FIG. 5: Anomalous Hall current density jy(x) for a single elec-
tron (conduction band) with energy ε = 0 and py = 0 for the
linear potential U(x) = Fx − ∆. Distances are measured in
units of x0 = (~
2v2F/(∆F ))
1/3. The thin solid line shows the
current density Eq. (29) with strong oscillations having con-
stant amplitude at negative x. To reveal the smooth semiclas-
sical contribution to the current density we show the plot of
the same current smoothed with weights exp(−((x−x′)/x0)
2)
(dashed line) and exp(−((x − x′)/x0)
2/2) (thick solid line).
We do not specify the units at the vertical axis, but the rel-
ative amplitude for the smoothed curves is multiplied by a
factor of 4.
part of the squared Airy function, representing the semi-
classical density, using the negative x asymptotics may
be written as (here py = 0, generalization for finite py is
obvious, see Eq. (32) below)
〈Ai2
(
x
x0
)
〉 =
√
x0
2pi
√−x =
√
2mFx0
2pipx(x)
=
√
2Fx0/m
2pidεx/dpx
,
(31)
where we have used px(x) =
√−2mFx and 〈...〉 denotes
the average procedure. Consequently, we may replace
the semiclassical density of the conduction band electrons
Eq. (30) by the exact formula
ρ(x) =
1
pi~2
√
2Fx0/m
(32)
×
∫
εx>0
Ai2
(
εx + p
2
y/2m+ Fx
Fx0
)
dεxdpy .
The absence of electrons with energies above the Fermi
energy, εF = 0, is taken care of automatically due to the
exponential suppression of the Airy function for positive
arguments, so there is no need to introduce an upper
limit of integration over either εx or |py|.
With the help of Eq. (29) we may find the current
density
jy(x) =
eF
2pim~
√
2Fx0/m
(33)
×
∫
εy>0
Ai2
(
εy + Fx
Fx0
)
dpy .
c
j(x)
x0−x0
v
ε F
x
∆+Fx −∆+Fx
FIG. 6: Top - Energy bands structure. Bottom - Comparison
of the density of the anomalous Hall current found in this
paper (solid-blue) with the current density due to side jumps
only [17] (dashed-brown) around the band crossing by the
Fermi energy in a strong electric field.
This formula is used for calculating the current density
in Fig. 2. The easiest way to find the energy distribution
of the current density jεy(x) is by differentiating Eq. (33)
to obtain
jε=0y (x) =
1
F
∂
∂x
jy(x) . (34)
This result is shown in Fig. 2.
Replacing the squared Airy function by its asymptotic
behavior we find the semiclassical density of the anoma-
lous Hall current (valid only for negative x)
jy(x) =
eF
4pi2~
∫ −Fx
0
dεy√
εy(|Fx| − εy)
. (35)
Upon energy integration we arrive at Eq. (14), jy(x) ∝
θ(−x).
Comparison to existing results
Our results for the anomalous Hall current density for
the massive Dirac Hamiltonian (e.g. Eq. (14) of the main
text) differ substantially from the calculation of dissipa-
tionless bulk currents in a recent paper Ref. [17] where
only the transport contribution to the anomalous Hall
current caused by the Berry velocity in Eq. (1) was taken
into account. For the potential U = Fx (shifted by ∆
from what we used before) and the Fermi energy εF = 0
the authors of Ref. [17] have found the total (conduction
plus valence band) density of anomalous current in the
form
jy(x) =
{
j0 , |x| < x0
j0x0/|x| , |x| > x0 , j0 =
|e|F
2h
. (36)
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Here x0 = ∆/F and x = ±x0 are the classical turning
points for the conduction and valence band electrons at
the Fermi energy. (Note that the total current
∫
jy(x)dx
diverges logarithmically.)
Our approach for a sufficiently small F would give in-
stead of Eq. (36) the current density
jy(x) =
{
j0 , |x| < x0
0 , |x| > x0 , j0 =
|e|F
2h
. (37)
The current density is constant and proportional to the
electric field only when the Fermi energy lies in the gap
between two bands.
The results Eq. (36) and Eq. (37) are compared in
Fig. 6. As we mentioned already, the reason for the dif-
ference between Eqs. (36) and (37) is that the authors of
Ref. [17] calculate only the transport current caused by
the Berry velocity contribution Eq. (1) to the motion of
the center of the wave packet. Our derivation, starting
from the calculation of the expectation value of the ve-
locity operator automatically includes both the motion of
its center and the inhomogeneous rotation of the wave-
packet, creating the magnetization current. Although
it was argued [10, 11] that the magnetization current is
irrelevant for transport phenomena, it is necessary for
finding e.g. the magnetic moment of the electron gas.
Taking into account only the conduction band contri-
bution to the current near the Fermi energy crossing with
the bottom of the conduction band in Eq. (37) gives
jy(x) =
e
2h
F θ(−x0 − x) , (38)
which is the same as Eq. (14) with shifted coordinate
due to a different definition of the constant electric field
potential. Analogously, extracting the conduction band
current from Eq. (36) at x ≈ −x0 gives (for the Fermi en-
ergy above the top of the valence band and only slightly
above the bottom of the conduction band, valence band
electrons give a large constant contribution to the cur-
rent, while the linear in x (at |x − x0| ≪ x0) part of
jy(x) comes from the conduction band electrons)
jy(x) =
−e
2h
(x0 + x)F
2
∆
θ(−x0 − x) , (39)
which is parametrically smaller than our result. The lin-
ear increase of the current in Eq. (39) reflects the fact that
the electron density in a two-dimensional non-relativistic
electron gas in a constant electric field increases lin-
early with the coordinate. All these electrons have the
same anomalous velocity Eq. (1). The current density of
Eq. (38) is much more singular than Eq. (39) and leads to
the δ-function energy distribution of the current density
jε(r), Eq. (15).
Vanishing of jε(r)
Integration over energy in Eq. (35) gives a step-shaped
current density Eq. (14). Differentiating this result like
in Eq. (34) gives a δ-function energy distribution of the
current density jεy(x). Vanishing of j
ε
y(x) almost every-
where except the close vicinity of the line ∆+U(x)−ε = 0
allows us to suggest a general δ-function formula for the
current in arbitrary smooth potential U(r), Eq. (15).
The δ-function Eq. (15) peaks at the border of the area
accessible classically at the energy ε. This is the line of
stopping points where both components of momentum
of an electron reaching the point vanish. Inside this area
jε(r) = 0, which is somewhat surprising since the semi-
classical current density (given by the ∼ 1/|x|3/2 tail of
the smoothed density in Fig. 5) for each electron is al-
ways of the same sign. The only current of the ”wrong”
sign, ensuring the vanishing of the current density dis-
tribution, is the negative bump in the smoothed current
density in Fig. 5 at the classical turning point. Through
every point r there exist two trajectories with energy ε
and momentum p normal to the local electric field. These
are trajectories having a turning point in the sense of
Fig. 5 and the ”negative bump” in the current density
at r.
APPENDIX C: EXPLICIT PROOF OF THE
FORMULA FOR jε(r).
In this Appendix we first give a proof of Eq. (15) in
the nonrelativistic limit by calculating the current car-
ried by the conduction band electrons for a smooth two-
dimensional potential and a Fermi energy only slightly
above the insulating gap.
Consider the Dirac Hamiltonian
H = vF(σxpx + σypy) + ∆σz + U(r)−∆ . (40)
Calculation of the anomalous Hall current (carried e.g.
by the conduction band electrons) becomes especially
easy when |U(r)| ≪ ∆.
Let the eigenfunction of H in Eq. (40) have the form
ψ =
(
φ
χ
)
. (41)
Substituting this into Eq. (40) in the limit |ε| ≪ ∆, |U | ≪
∆, one readily recovers the nonrelativistic Schro¨dinger
equation(
p2
2m
+ U(r)
)
φ = εφ , χ =
−i~∂x + ~∂y
2mvF
φ . (42)
Here, ∆ = mv2F. We refer to the electron state described
by the Dirac Hamiltonian Eq. (40) with at least one com-
ponent of momentum effectively comparable to ∆/vF as
11
relativistic and the electron described by the Eq. (42)
as nonrelativistic. The two components of the current
j = evF〈σ〉 are now found as (compare to Eq. (8))
ψ†σyψ = −~vF
2∆
∂xφ
∗φ− i~vF
2∆
[φ∗∂yφ− (∂yφ∗)φ] ,
ψ†σxψ =
~vF
2∆
∂yφ
∗φ− i~vF
2∆
[φ∗∂xφ− (∂xφ∗)φ] . (43)
Here, the second terms on the r.h.s. of both equations
have the form of the usual currents in non-relativistic
quantum mechanics, whereas anomalous Hall current is
given by the first terms. The electron density in the
semiclassical and non-relativistic approximation is∑
εi<εF
ψ†iψi =
∫
p2
2m+U<εF
d2p
(2pi~)2
= θ(εF−U)m(εF − U)
4pi~2
.
(44)
Combining Eqs. (43) and (44) we obtain
j(r) =
e
2h
θ(εF − U(r)) nz ×∇U(r) , (45)
where nz is the unit vector normal to the (x, y) plane.
Differentiating this with respect to εF gives j
εF(r) of
Eq. (15).
Our derivation of Eq. (45) for a smooth two-
dimensional potential U(r) relies on the nonrelativistic
approximation Eq. (42). The energy distribution of the
current density jε(r) found from Eq. (45) vanishes ev-
erywhere except in the narrow region around the line of
stopping points ε − U(r) = 0. But the electron in a
smooth potential near a stopping point is always nonrel-
ativistic. This suggests that the range of validity of the
result Eq. (45) may be larger than just the nonrelativistic
limit |U(r)| ≪ ∆, but it may be valid for an arbitrarily
large (and still smooth) two-dimensional potential U(r).
Indeed, Eqs. (12, 14) of the main text (second of those
is the exact analog of Eq. (45)) were found for an ar-
bitrarily large smooth potential but only depending on
one coordinate U(r) ≡ U(x). That means, all what is
left to do in order to prove Eqs. (45,15) for an arbitrarily
large Fermi energy is to show that the contribution to
the anomalous current from the electrons with high en-
ergy has the form of a local expansion in powers of the
gradients of the potential. In other words, the anoma-
lous current at a point r caused by the electrons with
ε−U(r) & ∆ must be a function of the gradient, ∇U(r),
found at the same point.
To find the current density for an arbitrarily strong
two-dimensional potential one may take the wave func-
tion Eq. (17) and sum up the currents due to all occu-
pied states. However, we may simply notice that the
anomalous velocity Eq. (18) due to the solution Eq. (17)
depends only on the local derivative of the potential U ′.
This means that if Eqs. (15, 45) are valid for arbitrary εF
in an arbitrarily strong uniform electric field, they should
be also valid for an arbitrarily smooth potential U(r) for
a large Fermi energy εF ∼ ∆.
APPENDIX D: CALCULATION OF β(x).
In this Appendix, we calculate explicitly starting from
the semiclassical solution of Eq. (2) the coefficient β(x)
entering the wave function Eq. (17) of the main text.
This coefficient is responsible for the emergence of a fi-
nite expectation value of the anomalous velocity 〈vy〉 in
Eq. (18). In the main text we avoid the direct calculation
of β(x) and use instead Eq. (8) to calculate 〈vy〉. Similar
to the corresponding part of the main text, we use here
~ = vF = 1.
Let the conduction band electron described by the
massive Dirac Hamiltonian Eq. (2) have an energy ε well
above the smooth potential U(x) and a vanishing (con-
served) y-momentum, py = 0. We may then introduce a
coordinate-dependent classical momentum in x-direction
px = p(x) =
√
(ε− U(x))2 −∆2 . (46)
The single plane wave solution may now be presented
in the form (in the case of reflection, which we do not
consider here, there will be a superposition of two such
counter-propagating solutions)
ψ = ei
∫
x p(x′)dx′ [a(x)φ+ + b(x)φ−] , (47)
where
φ+ =
1√
2
√
p2 +∆2


√√
p2 +∆2 +∆√√
p2 +∆2 −∆

 ,
φ− =
1√
2
√
p2 +∆2


√√
p2 +∆2 −∆
−
√√
p2 +∆2 +∆

 , (48)
are the positive and negative energy eigenvectors in the
limit of a flat U(x).
The wave function Eq. (47) is in principle exact, pro-
vided one can find the coefficients a(x) and b(x) to all
orders in the small U ′, U ′′, · · · . Substituting Eq. (47) into
the Dirac equation leads to an (exact) system of linear
equations
−ia′ + i U
′∆
2p
√
∆2 + p2
b+ 2∆b = 0 , (49)
−ib′ − i U
′∆
2p
√
∆2 + p2
a+ 2p b = 0 .
Approximate solutions of the system of equations (49)
(which we are interested in) may be found iteratively.
First, in the second equation, we may neglect a small
derivative b′ compared to 2pb, leading to
b ≈ i U
′∆
4p2
√
∆2 + p2
a . (50)
12
Substituting this into the first equation of Eq. (49) and
neglecting the small second order term ∼ U ′b we find
a ≈
√√
∆2 + p2
p
. (51)
The fact that this solution reproduces correctly the clas-
sical electron density
ρ ≈ |a|2 ∼ 1/vx , (52)
is an additional crosscheck.
Eq. (17) of the main text is reproduced after we notice
that
β = ib/a . (53)
APPENDIX E: MAGNETIZATION CURRENT VS.
TRANSPORT AHE CURRENT.
In this Appendix, we consider in more details the divi-
sion of the total anomalous Hall current into the trans-
port and magnetization currents discussed in the last
part of the main paper. Like in the main text, we put
~ = vF = 1. Also like in the main text we are going to
consider the transverse shift and transverse current dis-
tribution in a wide electron ray injected parallel to the
x-axis and parallel to the electric field (U(r) ≡ U(x))
described by the wave function Eq. (19). Ray injection
with an arbitrary incident angle may be considered with
the help of Eq. (6) of the main text. It is constructive to
consider the envelope function g(y) (Eq. (20)) to be flat,
g(y) ≈ 1, over the large region δy (i.e. px δy ≫ 1) with
also very smooth steps towards g = 0 outside this region,
cf. Fig. 3.
By calculating the longitudinal current jx = eΨ
†σxΨ
and the density ρ = eΨ†Ψ from Eq. (21) we find
jx = eg
2
(
y +
1
2∆
)
ψ†+ψ+ − eg2
(
y − 1
2∆
)
ψ†−ψ− ,
ρ = eg2
(
y +
1
2∆
)
ψ†+ψ+ + eg
2
(
y − 1
2∆
)
ψ†−ψ− .
(54)
We remind that Ψ = Ψ(x, y) is the wave function of a
ray propagating mostly in x-direction, Eq. (19), and ψ =
ψ(x) is the plane-wave solution Eq. (17) with momentum
parallel to the electric field (py ≡ 0). The components of
ψ(x) in the σx eigenvalue basis are ψ+ =
1
2 (1+σx)ψ and
ψ− = 12 (1− σx)ψ. The second equation (54) was used in
the main text to calculate the side-jump of the trajectory
Eq. (22).
Now we may use the fact that for our choice of the nor-
malization of the wave function Eq. (17) ψ†+ψ+−ψ†−ψ− =
1 and ψ†+ψ++ψ
†
−ψ− = 1/vx and write instead of Eq. (54)
jx = eg
2 (y) + eg′g/(∆vx) ,
ρ = eg2 (y) /vx + eg
′g/∆ , (55)
where vx = vx(x) acquires a dependance on x in the case
of a smooth potential U(x),
vx =
p(x)√
∆2 + p(x)2
, p(x) =
√
(ε− U(x))2 −∆2 . (56)
The second equality in Eq. (55) may be rewritten as
ρ = eg2(y + vx/(2∆))/vx , (57)
which immediately gives the trajectory (equivalent to
Eq. (22) of the main text)
y(x) = −vx(x)
2∆
. (58)
Differentiating this y(x) allowed us in the main text to
find the transverse velocity vytr Eq. (23). Since this ve-
locity originates from the displacement of the ray and not
from the wave-packet’s internal dynamics, it leads to the
transport anomalous current jytr = vytrρ.
The possible time evolution of the quantum ray
Eq. (19) should proceed in agreement with the continu-
ity equation. Since the ray is built from waves of the
same energy, the charge distribution is stationary and
the continuity equation reduces to the vanishing of the
divergence of the current, div j = 0. Thus we write
∂jx
∂x
= −eg
′gv′x
∆v2x
= −∂jy
∂y
, (59)
where g′ = dg/dy and v′x = dvx/dx. The current jy
here can not be derived directly from the wave function
Eq. (20). It appears due to the correction ∼ βσy to the
semiclassical wave-function in Eq. (17), which was omit-
ted in Eq. (20) (and consequently in Eqs. (54)). Still the
continuity equation Eq. (59) allows us to find this cur-
rent. The total anomalous current density jy is expected
to be independent of the transverse coordinate y only in-
side the ray, where g(y) ≈ 1. At the borders of the ray
jy increases from zero (outside) to this constant value.
This increase is described by Eq. (59). Integration over
y of the second equality in Eq. (59) gives the value of the
anomalous current inside the ray
jy = e
g2v′x
2∆v2x
. (60)
The calculation of the derivative of the longitudinal ve-
locity v′x here gives
v′x =
dvx
dp
dp
dx
=
∆2
(∆2 + p2)3/2
× −U
′
p
√
∆2 + p2
=
−U ′∆2
p(∆2 + p2)
, (61)
leading to
jy = −eg2U ′ ∆
2p3
, (62)
〈vy〉 = jy
ρ
=
−U ′∆
2p2
√
∆2 + p2
,
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in agreement with Eq. (18) of the main text. Thus we
see that the anomalous transverse current inside the ray
(and the velocity Eq. (18)), which is not captured by
Eqs. (19, 20, 21) follows from them through the continu-
ity equation. Eq. (62) shows the total microscopic AHE
current for which the corresponding velocity 〈vy〉 can not
be deduced from Eq. (1).
As was written in the main text, the difference between
the total microscopic and transport current densities is
naturally attributed to the magnetization current [10]
j = jtr + jmag , jmag = ∇×M(r) , (63)
with M(r) being the density of the magnetic moment.
According to Ref. [15] the magnetic moment of an elec-
tron subject to the massive two-dimensional Dirac Hamil-
tonian is
µ(p) =
e
2~
mv2F
m2v2F + p
2
=
e∆
2(∆2 + p2)
. (64)
That gives the magnetization density
M = µΨ†Ψ = µ/vx =
e∆
2p
√
∆2 + p2
. (65)
Consequently, we find, in agreement with the general ex-
pectation [10, 11],
− ∂M
∂x
= −eU
′∆
2
(
1
p3
+
1
p(∆2 + p2)
)
= jy−jytr . (66)
With that we have explicitly demonstrated that the spa-
tially inhomogeneous magnetization is responsible for the
difference between the total current and the transport
current.
